On a Hermitian manifold we construct a symmetric (1, 1)-tensor H using the torsion and the curvature of the Chern connection. On a compact balanced Hermitian manifold we find necessary and sufficient conditions in terms of the tensor H for a harmonic 1-form to be analytic and for an analytic 1-form to be harmonic. We prove that if H is positive definite then the first Betti number b 1 = 0 and the Hodge number h 1,0 = 0. We obtain an obstruction to the existence of Killing vector fields in terms of the Ricci tensor of the Chern connection. We prove that if the Chern form of the Chern connection on a compact balanced Hermitian manifold is non-positive definite then every Killing vector field is analytic; if moreover the Chern form is negative definite then there are no Killing vector fields.
Introduction
On a compact Riemannian manifold (M, g) certain objects of geometric interest, such as Killing vector fields and harmonic 1-forms must satisfy additional differential equations when appropriate Levi-Civita curvature conditions are imposed. This leads to obstructions to the existence of these objects, known as Bochner-type vanishing theorems. For example, the well known theorems of Bochner state that if the Ricci tensor is non-negative (resp. non-positive) then every harmonic 1-form (resp. every Killing vector field) must be parallel and if the Ricci tensor is negative (resp. positive) at one point then there are no harmonic 1-forms (resp. no Killing vector fields). By the Hodge theory the nonexistence of harmonic 1-forms leads to the vanishing of the first de Rham cohomology group H 1 (M, R). On a Hermitian manifold (M, g, J) another objects of geometric interest are holomorphic vector fields and holomorphic forms. Closely related to the hermitian structure is the Chern connection. On a compact Hermitian manifold holomorphic vector fields and holomorphic (p, 0)-forms have to satisfy additional differential equations when appropriate curvature conditions on the Chern connection are imposed. This also leads to some obstructions to the existence of these objects, so called vanishing theorems for holomorphic sections. For example, if the mean curvature of the Chern connection (in the sense of [13] ) on a compact Hermitian manifold is non-negative (resp. non-positive) then every holomorphic (1, 0)-form (resp. every holomorphic vector field) is parallel with respect to the Chern connection and if the mean curvature is positive (resp. negative) at one point then there are no holomorphic (1, 0)-forms (resp. no holomorphic vector fields) (for more general formulations see [14, 8] ). By the Hodge theory (see [11] ) this leads to the vanishing of the Dolbeault cohomology group H 1,0 (M, C). In the Kaehler geometry there is a close relation between the metric objects (Killing vector fields, harmonic 1-forms) on one hand and the holomorphic objects (holomorphic vector fields, holomorphic (1, 0)-forms) on the other hand. For a Kaehler manifold the Levi-Civita connection coincides with the Chern connection. Then the mean curvature of the Chern connection is exactly the Ricci tensor. Thus, on a compact Kaehler manifold the positive (resp. negative) definitness of the Ricci tensor is an obstruction to the existence not only of harmonic 1-forms (resp. Killing vector fields) but also to the existence of holomorphic (1, 0)-forms (resp. holomorphic vector fields). Moreover, on a compact Kaehler manifold an 1-form is harmonic iff it is analytic (i.e its (1, 0)-part is holomorphic) and every Killing vector field is analytic (see [19] ). So the first Betti mumber b 1 = dimH 1 (M, R) vanishes iff the Hodge number h 1,0 = dimH 1,0 (M, C) vanishes. In general, on a compact Hermitian manifold there is no remarkable relation between Killing and holomorphic vector fields and between harmonic 1-forms and holomorphic (1, 0)-forms.
In this paper we consider compact balanced Hermitian manifolds and try to find a connection between the metric objects and the holomorphic objects mentioned above. Balanced manifolds have been studied intensively in [15, 1, 2, 3] ; in [8] they are called semi-Kaehler of special type. This class of manifolds includes the class of Kaehler manifolds but also many important classes of non-Kaehler manifolds, such as: complex solvmanifolds, twistor spaces of oriented riemannian 4-manifolds, 1-dimensional families of Kaehler manifolds (see [15] ), hermitian compact manifolds with flat Chern connection (see [8] ), twistor spaces of oriented distinguished Weyl structure on compact self-dual 4-manifolds [9] , twistor spaces of quaternionic Kaehler manifolds [16, 4] , manifolds obtained as modification of compact Kaehler manifolds [1] and of compact balanced manifolds [2] , see also [3] . We construct on a Hermitian manifold a symmetric (1, 1)-tensor H using the torsion and the curvature of the Chern connection. On a compact balanced Hermitian manifold we give in Theorem 4.2 necessary and sufficient conditions in terms of the tensor H for a harmonic 1-form to be analytic and for an analytic 1-form to be harmonic. This alows us to obtain a vanishing theorem of Bochner type on compact balanced Hermitian manifolds (Theorem 4.7). We prove that if H is positive definite then b 1 = 0 and h 1,0 = 0. We obtain an obstruction to the existence of Killing vector fields in terms of the Ricci tensor (or the Chern form) of the Chern connection. In Theorem 3.8 we prove that if the Chern form of the Chern connection on a compact balanced Hermitian manifold is non-positive then every Killing vector field is analytic; if moreover the Chern form is negative then there are no Killing vector fields.
It is well known that on a compact Riemannian manifold a smooth vector field is Killing iff it is affine with respect to the Levi-Civita connection [19] . Thus, on a compact Kaehler manifold every affine vector field is analytic. On a compact balanced Hermitian manifold we find necessary and sufficient conditions in terms of the Lie derivative of the Chern connection for a smooth vector field to be analytic. In particular we prove that every affine vector field with respect to the Chern connection is analytic on a compact balanced Hermitian manifold.
Preliminaries
Let (M, J, g) be a 2n-dimensional Hermitian manifold with complex structure J and Riemannian metric g.The algebra of all C ∞ vector fields on M will be denoted by XM. The complex structure J on the tangent bundle TM of M induces a splitting of the complexified tangent bundle T c M into two complementary subbundles, conjugate to each other:
are the (complex) tangent vectors of type (1, 0) (resp. of type (0, 1)).Each real tangent vector field X can be expressed in a unique way as a sum:
(summation convention is assumed further in the paper). The induced complex structure on the cotangent bundle T * M (also denoted by J) is defined by: (Jω)(X) = −ω(JX), where ω is a real 1-form and X is a real vector field on M. For the complexified cotangent bundle T * c M we have the splitting:
are the (complex) 1-forms of type (1, 0) (resp. of type (0, 1). Each real 1-form ω can be expressed in a unique way as a sum ω = β +β, where
With respect to local holomorphic coordinates we have β = ω α dz α ,β = ωᾱdzᾱ. In the whole paper all tensors and connections will be extended complex multilinearly to the complexification
The Lee form θ of the Hermitian structure is defined by θ = −δΩ • J.
The Levi-Civita connection and the canonical Chern connection (the Hermitian connection) will be denoted by ∇ and D, respectively. We recall that the Chern connection D is the unique linear connection preserving the metric and the complex structure with torsion tensor T , having the following property: T (JX, Y ) = T (X, JY ). This implies (e.g. [5] ):
The two connections are related by the following identity
Let e 1 , ..., e 2n be an orthonormal local basis on M. We consider the following Riccitype tensors associated with the curvature tensor K of the Chern connection:
The (1, 1)-form κ corresponding to the tensor k represents the first Chern class of M (further we will call it the Chern form) and the (1,1)-form κ * corresponding to the tensor k * is the mean curvature of the holomorphic tangent bundle T (1,0) M with the hermitian metric g.
Using the torsion tensor T of the Chern connection we construct another remarkable symmetric (1,1) tensor as follows
where E 1 , ..., E n , E1, ..., En is a hermitian basis on T c M. From the definition and (2.1 ) it follows that t is symmetric, J-invariant positive semi-definite tensor i.e. t(X, Y ) = t(Y, X) = t(JX, JY ); t(X, X) ≥ 0, X, Y ∈ XM As we shall see below, the tensor t plays an important role for the coinsidence of harmonic 1-forms with analytic 1-forms.
For a real 1-form ω we denote by ω # the corresponding vector fiel defined by:ω(Y ) := g(ω # , Y ), Y ∈ XM and for a real vector field X we denote by ω X the corresponding real 1-form defined by:
. For a real 1-form ω using (2.2 ) we calculate
We recall here the definition of a balanced manifold and some characterizations given in [15] and [8] , for completeness: DEFINITION: A balanced manifold M is a compact complex n-manifold which satisfies one of the following equivalent conditions: i) M admits a hermitian structure (g, J) such that dΩ n−1 = 0; ii) M admits a hermitian structure (g, J) such that δΩ = 0; iii) M admits a hermitian structure (g, J) such that θ = 0; iv) M admits a hermitian structure (g, J) such that ∆ ∂ f = ∆∂f = In this paper we shall use essentially iii) and iv). On balanced manifolds the first Ricci tensor k coincides with the third Ricci tensor s (see e.g. [6] ).
If (M, J, g) is a balanced manifold then the equality (2.4 ) takes the form
(D e i ω)e i . (2.5 )
Analytic and Killing vector fields
Using essentially that DJ = 0 and (2.3 ), we find
where 2Re(f ) denotes the real part of a complex valued function f and D α ξ β 2 is the norm of the (2, 0) + (0, 2)-part of Dω ξ . The norm of the (1, 1)-part of Dω ξ will be denoted by D α ξβ 2 . Thus, on a compact Hermitian manifold we have the formula
Taking into account the Ricci formula
from (3.7 ) we obtain
Proposition 3.1 Let ξ be a real vector field on a compact Hermitian manifold. The following conditions are equivalent
Hence, on a compact balanced Hermitian manifold we have [5] 
Proposition 3.2 Let ξ be a real vector field on a compact balanced Hermitian manifold. The following conditions are equivalent
On every compact balanced Hermitian manifold the Ricci formula (3.8 ) leads to the following integral formula 
then we call ξ a complex Hermitian vector field.
In local holomorphic coordinates the condition (3.10 ) is equivalent to the equa-
Using the general formulas expressing L ξ D with the torsion and curvature (see [18] ) we find This result extends the well known result that every affine vector field on a compact Kaehler manifold is Killing and hence, it is analytic. We recall that a real vector field ξ is said to be a Killing vector field if L ξ g = 0. This condition is equivalent to
Applying Proposition 3.2 we obtain
The condition (3.11 ) implies δω ξ = 0.
Let ξ be a real vector field. We consider the following real 1-form
Using (2.4 ) we find
Using the Ricci identities and (2.4 ) we calculate
On a compact Hermitian manifold we derive from (3.13 ) and (3.12 ) the folowing formula
Thus, we proved
Proposition 3.6 If ξ is a real vector field on a compact balanced Hermitian manifold, then
Now, let ξ be a Killing vector field. Using (2.3 ) from (3.11 ) we get
Using (3.15 ) from Proposition 3.6 we get
Proposition 3.7 If ξ is a Killing vector field on a compact balanced Hermitian manifold, then
As a corollary we obtain the following theorem of Bochner type [12] it follows that there are no holomorphic vector fields and hence there are no Killing vector fields with respect to any Kaehler metric on M.
ii) If the Chern form κ is negative definite, then there are no Killing vector fields other than zero, i.e. the group of isometries of (M,g,J) is discrete.

Remark 3.9 If the Chern form κ is negative definite then the first Chern class is negative. By the theorem of S.Kobayashi
EXAMPLE. Let M = G/Γ be a compact quotient of a complex Lie group G with respect to its discrete subgroup Γ. It is well known that every compact Hermitian manifold with flat Chern connection is isomorphic with M endowed with its flat hermitian structure [10] . If the group G is non-abelian, then M is a non-Kaehler balanced Hermitian manifold. Since k = k * = 0, then every Killing vector field is analytic and by (3.9 ) it is parallel. (There is a general result of P.Gauduchon [8] that on a compact Hermitian manifold with negative semi-definite mean curvature k * every analitic vector field is parallel (see also [13] )).
Remark 3.10 It is clear from above that Proposition 3.7 and Theorem 3.8 are valid if we only assume the condition (3.15 ) which is weaker than the Killing condition (3.11 )
4 Harmonic and analytic 1-forms A real 1-form ω is analytic if its (1, 0)-part is holomorphic. In terms of the Chern connection this condition is equivalent to the condition
We recall that a real 1-form ω on a Riemannian manifold is harmonic if it is closed and co-closed, i.e. dω = 0; δω = 0. (4.18 ) Using (2.3 ) the condition dω = 0 is equivalent to the following two conditions: We are going to obtain necessary and sufficient conditions for a harmonic 1-form to be analytic and for a holomorphic 1-form to be harmonic on a compact balanced Hermitian manifold.For this purpose we need some integral formulas. 
Proof: The formula (4.22 ) follows immediately from (3.14 ) and(3.9 ).
To prove (4.23 ) we consider the following real 1-form
Applying (2.4 )we have
¿From the second Bianchi identity we get
Substituting (4.25 ) into (4.24 ) and integrating the obtained equality over M we obtain (4.23 )
Q.E.D. We define the tensor H by the equality
¿From this definition it follows that the tensor H is symmetric and J-invariant. We have
Proof: The theorem follows from the following two lemmas: It is well known that on a compact Hermitian manifold if the mean curvature k * is positive semi-definite and it is positive definite in one point then there are no holomorphic (p, 0)-forms ( [14, 8] , see also [17, 13] ), in particular there are no holomorphic (1, 0)-forms (the latter fact for balanced manifolds follows also from (3.9 )). In view of Theorem 4.7, we can generalize the latter fact for compact balanced manifolds as follows As a corollary we also have 
